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An a p p r o x i m a t e  t h e o r y  of the s t a t i o n a r y  d i s t r i b u t i o n  of the p l ane  f ron t  of a t w o - s t a g e  e x o -  
t h e r m i c  c o n s e c u t i v e  c h e m i c a l  r e a c t i o n  in a c o n d e n s e d  m e d i u m  is  d e v e l o p e d  in the a r t i c l e .  
The m e t h o d  of j o i n e d  a s y m p t o t i c  e x p a n s i o n s  is  u s e d  in c o n s t r u c t i n g  the s o l u t i o n s .  The  
r a t i o  of the s u m  of the ac t i va t i on  e n e r g i e s  of the r e a c t i o n s  to the f ina l  ad i aba t i c  c o m b u s -  
t ion t e m p e r a t u r e  is  a p a r a m e t e r  of the  e x p a n s i o n .  The c h a r a c t e r i s t i c  l i m i t i n g  s t a t e s  of 
the s t a t i o n a r y  d i s t r i b u t i o n  of the wave  c o r r e s p o n d i n g  to d i f f e r e n t  v a l u e s  of the  p a r a m e t e r s  
f i g u r i n g  in the p r o b l e m  a r e  shown.  A p p r o x i m a t e  a n a l y t i c a l  e x p r e s s i o n s  fo r  the wave  v e l o c -  
i ty  and d i s t r i b u t i o n  of c o n c e n t r a t i o n s  a r e  ob t a ined  fo r  e a c h  of the s t a t e s .  

1.  F o r m u l a t i o n  of the P r o b l e m .  The s t a t i o n a r y  d i s t r i b u t i o n  of the p lane  f r o n t  of a t w o - s t a g e  c o n s e c u -  
t ive  e x o t h e r m a l  r e a c t i o n  A 1 ~ A s --* A 3 in a c o n d e n s e d  m e d i u m  can  be d e s c r i b e d  by  the fo l lowing  s y s t e m  of 
equa t ions  and b o u n d a r y  c o n d i t i o n s :  

d (~ dT ~ dr  
d"--i- \ "-~z ] - -  mc ~ § QlalpCpl (T) + Q2a~pgi)~ (T) = 0 (1.1) 

dal --  alp(I) 1 (T) (1.2) 
d x  ~ 

da2 
m--~7- ~ : alp(I) 1 (T) - -  a~pffP~ (T) (1.3) 

q)~ (T) - E1 = kzexp---R- T (I)~ (T) = k~exp --E2 (1.4) 
' R T  

x ---- - -or  a z = l ,  T = T_,  a2 --~ 0 ( 1 . 5 )  

x =  c~ ,  az : a 2 : 0 ,  T : T+ = T _ - ~ - c  -1(Q1 + Q 2 )  �9 ( 1 . 6 )  

Here  x i s  the c o o r d i n a t e ,  a i and a 2 a r e  the m a s s  f r a c t i o n s  of the s u b s t a n c e s  A t and A2, T i s  the t e m -  
p e r a t u r e ,  p is  the d e n s i t y ,  m is  the  m a s s  c o m b u s t i o n  r a t e ,  c is  the h e a t  c a p a c i t y ,  A i s  the t h e r m a l  c o n -  
duc t iv i ty ,  R is  the gas  c o n s t a n t ,  Qi and Q2 a r e  the  t h e r m a l  e f f ec t s  of the r e a c t i o n s ,  k i and t% a r e  p r e - e x p o -  
nen t i a l  m u l t i p l i e r s ,  and E i and E 2 a r e  the a c t i v a t i o n  e n e r g i e s .  

I t  i s  a s s u m e d  tha t  in the c o u r s e  of the  c h e m i c a l  r e a c t i o n s  the  d e n s i t y  and a l l  the t h e r m o p h y s i c a l  
c h a r a c t e r i s t i c s  of the m e d i u m  m a i n t a i n  c o n s t a n t  v a l u e s  and tha t  the r a t e s  of the c h e m i c a l  r e a c t i o n s  depend  
on the t e m p e r a t u r e  a c c o r d i n g  to the  A r r h e n i u s  l a w .  

The p r o b l e m  (1.1)-(1.6)  i s  a t w o - p o i n t  b o u n d a r y  p r o b l e m  whose  so lu t i on  c o n s i s t s  of the def in i t e  func -  
t ions  a l (x)  , a2(x), and T(x) and the p r o p e r  va lue  m of the p r o b l e m .  

F o r  the e x i s t e n c e  of a so lu t i on  i t  is  a s s u m e d  tha t  the funct ion  ~ i  i s  d i f f e r e n t  f r o m  z e r o  and is  d e t e r -  
mined  by  E q .  (1.4) e v e r y w h e r e  e x c e p t  fo r  the s m a l l  t e m p e r a t u r e  i n t e r v a l  T_ < T < T e , w h e r e  i t  is  r e d u c e d  
to z e r o  [1, 2] .  
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F i g .  1 

The p r o b l e m  (t  .1)-(1.6) has  the i n i t i a l  i n t e g r a l  

k d r / d x  = mc (T  - -  T+) § m (Q~ + Q~) a~ § mQ2a2 . (1.7) 

E q u a t i o n  (1.7) w i l l  be u s e d  in p l a c e  of E q .  (1.1). If the t e m p e r a t u r e  
is  t aken  as  an independen t  v a r i a b l e ,  the p r o b l e m  (1.2)-(1.7)  can  be r e p r e -  
s e n t e d  in the f o r m  

~t dr 

Sz E (t - -  ~) 1 dr ~h. (t -- r) exp - -  ~ZE ~ ~ (1.8) 
~t - -~  = ~- -6Qr- -  ( t - -6o)  q 

dq _ (1-- z,~) (r -- q) [ ~(1--zE)(I--~)] 
-%q-7 :~-  (~ - -  %) ~ exp -- ~ (t -- z~) - - 7  ~ (1.9) 

= O, r = O, q = 0 (1.10) 

= l ,  r = t,  q = i (1.11) 

ki E, 
k2 ' 6E -- E~ -~ Ez 

T n~2c 
- - ,  6-- T+--T_ ' ~t s " 

r = t - -  al ,  q = i - -  a l  - -  a2, ~ = k, + 

Q1 E ,  @ E2 T --- T_ 
S O - -  QI- t -Q2 ' ~ I~T+ , T - -  T + - - T _  

H e r e  r ( r )  and q ( r )  a r e  the func t ions  sough t  and ~t i s  a p r o p e r  va lue  of the p r o b l e m .  

2.  Some p r o p e r t i e s  of the  I n t e g r a l  C u r v e s .  In the s p a c e  r ,  r ,  q the  i n t e g r a l  c u r v e s  (1 .8)-(1 .11)  of 
the p r o b l e m  m u s t  p a s s  t h rough  the po in t s  ( r  E, 0, 0) and (1, 1, 1), 0 < r E << 1. F r o m  the  cond i t i ons  of non-  
n e g a t i v i t y  of the c o n c e n t r a t i o n  and s u c c e s s i v e n e s s  of the c o n v e r s i o n  r -> q -> 0 of the r e a g e n t s ,  and the c o n -  
d i t ion  of nonnega t i v i t y  of the t e m p e r a t u r e  g r a d i e n t  (heat  flux) r - crQr - (1 - ~Q)q >-- 0, as  we l l  as  f r o m  the 
b o u n d a r y  cond i t ions  , i t  can  be conc luded  t ha t  the r e g i o n  w h e r e  the i n t e g r a l  c u r v e s  have  p h y s i c a l  me an ing  
i s  bounded  by  the f ive p l a n e s  (see  F i g .  1) 

g = O, r = q, �9 = 1, r = 1, 
1: - -  o Q r - -  ( t  - -  OO) q = 0 �9 

The po in t  ( r  E,  O, 0), c o r r e s p o n d i n g  to the co ld  b o u n d a r y  of the c o m b u s t i o n  wave ,  is  an o r d i n a r y  point ,  
wh i l e  the po in t  (1, 1, 1), c o r r e s p o n d i n g  to the ho t  b o u n d a r y  of the c o m b u s t i o n  zone ,  is  s i n g u l a r .  The f o l l o w -  
ing t h r e e  i n t e g r a l  c u r v e s  p a s s  th rough  i t :  

dq 

dq t t --  % e_~(~_~) (2.2) 

( d d ~ ) a = _ _ (  dq ~ [ ~1~ e(1-2aE)$ ,i] 

% e-,~E' [ l  %% - ( d ' - ~ - ) a = ( t q -  1~ ] [  'l-----~ e('2oE)~l-1 " (2.3) 

The f i r s t  of t h e s e  c u r v e s  cou ld  not  be a so Iu t ion  of the p r o b l e m  for  any v a l u e s  of the  p a r a m e t e r s  s i n c e  
th is  c u r v e  does  not  f a l l  wi th in  the r e g i o n  of a d m i s s i b l e  va lue s  of r ,  r ,  and q (F ig .  1). The o t h e r  two c u r v e s  
can  r e p r e s e n t  a s o l u t i o n .  I t  is  s e e n  f r o m  (2.3) tha t  for  l a r g e  fi one of the  d e r i v a t i v e s  m u s t  be nega t ive  if  
~E < ~2. Such a c u r v e  canno t  be a so lu t ion  s i n c e  the  func t ions  r and q m u s t  be i n c r e a s i n g .  F o r  ~E  < ~ the 
s o l u t i o n  of the  p r o b l e m  is  r e p r e s e n t e d  by  the c u r v e  (2.2).  

L e t  us  note one m o r e  p r o p e r t y  of the equa t i ons  (1.8), (1.11). The s t r a i g h t  l ine  T - ~  Q r -  ( 1 - o r  Q)q = 0 
on the r = 1 p lane  be tween  the po in t s  (~Q, 1, 0) and (1, 1, 1) c o n s i s t s  of the s i n g u l a r  po in t s  of E q .  (1.8).  
E a c h  of t h e s e  is  a s add l e  po in t  th rough  which  two s e p a r a t r i c e s  p a s s  in the p lane  q = c o n s t  which  have  the 
t angen t s  

(2 u4~ 

3. P r e l i m i n a r y  A n a l y s i s  of E q u a t i o n s .  D e s c r i p t i o n  of P a r t i c u l a r  C a s e s .  A p p r o x i m a t e  s o l u t i o n s  of 
the p r o b l e m  (1 .8)- (1 .11) ,  c o r r e s p o n d i n g  to d i f f e r e n t  v a l u e s  of the  p a r a m e t e r  ~ E ,  wi l l  be c o n s t r u c t e d  in 
p a r t s  4 - 7  by  the me thod  of j o ined  a s y m p t o t i c  e x p a n s i o n s  [3]. T h e s e  p a r t i c u l a r  c a s e s  a r e  d e v e l o p e d  in a 
s u c c e s s i v e  a n a l y s i s  of d i f f e r e n t  a s s u m p t i o n s  c o n c e r n i n g  the p o s s i b l e  a s y m p t o t i c  b e h a v i o r  of the p r o p e r  
va lue  p and the func t ions  r and q fo r  l a r g e  f l .  B e f o r e  going on to the c o n s t r u c t i o n  of  the  s o l u t i o n s ,  l e t  us 
note  the  l ine  of r e a s o n i n g  un ique ly  l e ad ing  to the v a r i o u s  i m p o r t a n t  p a r t i c u l a r  c a s e s  s t u d i e d  f u r t h e r .  
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It  follows f r o m  the f o r m  of E q s .  (1.8), (1.9) that  for l a rge  va lues  of fi the r e g i o n  in which the p r i n -  
c ipa l  v a r i a t i o n  in the funct ions  r and q occu r s  can  occupy a s m a l l  f r ac t ion  of the i n t e r v a l  0 - ,r <- 1. The 
r igh t  s ides  of E q s .  (1.8) and (1.9) con ta in  s m a l l  exponent ia l  m u l t i p l i e r s  which m u s t  be c o m p e n s a t e d  for  at 
l a rge  va lues  of fi in o r d e r  for the funct ions  r and q to grow f r o m  0 to 1 in the i n t e r v a l  0 -~ "r <- 1. In o r d e r  
r c o m p e n s a t e  for  these  m u l t i p l i e r s  , i t  is  n e c e s s a r y  to a s s u m e  that  the quan t i ty  # con ta ins  the m u l t i p l i e r  
exp ( -~  ~) ,  so  tha t  c o m p e n s a t i o n  of the exponent ia l  t e r m s  in E q s .  (1.8) and (1.9) wi l l  occu r  at the poin ts  ~- = 
"rio ar id  T2~ 

TI ~ = CZ-I(~E (i § ~) - -  O, To = a-1 (i - -  tIE) (I § C 0 - -  (~ �9 (3.1) 

The choice  of the c o n s t a n t  c~ d e t e r m i n e s  the pos i t ion  of the points  "ri ~ and ,r2 ~ and the a sympto t i c  b e -  

hav io r  of the func t ions  r(,r) and q(,r). 

Let  0 - Ti~ - 1, ,r2 ~ < 0. F o r  such a choice  of c~ the exponen t i a l  m u l t i p l i e r  is c o m p e n s a t e d  for only 
in the e x p r e s s i o n  for  the de r iva t ive  d r / d , r ,  while  in  the e x p r e s s i o n  for  dq /d , r  an i n c r e a s i n g  exponen t  ap -  
p e a r s .  F o r  ,r < ~-i ~ the de r iva t ive  d r / d , r  and the funct ion  r(,r) are  exponen t i a l l y  s m a l l .  The s m a l l  n e i g h -  
borhood of the po in t  ,r = ~-i ~ is  the r e g i o n  of the p r i n c i p a l  v a r i a t i o n  in the funct ion  r(,r) f r o m  z e r o  to one.  
The c o m p e n s a t i o n  for  the g rowing  exponen t i a l  m u l t i p l i e r  in the e x p r e s s i o n  for  dq /d , r  can  be p rov ided  for  
by the c o r r e s p o n d i n g  behav io r  of the d i f fe rence  r - q which m u s t  be exponen t i a l l y  s m a l l ,  so tha t  the r e g i o n  
of the p r i n c i p a l  v a r i a t i o n  of q f r o m  0 to 1 wil l  co inc ide  with the c o r r e s p o n d i n g  r eg ion  of v a r i a t i o n  of r ,  i . e . ,  
i t  wi l l  be r e p r e s e n t e d  by the s m a l l  ne ighborhood  of the point  ,r = "ri ~ . It  then follows f rom the condi t ion  
,r - ~Q'r - (1 - aQ)q > 0 tha t  this  is poss ib l e  if "ri ~ = 1. F r o m  (3.1) we f ind that  c~ = cr E . Having divided 
(1.9) b y ( l , 8 ) ,  we obta in  

d q  _ r - -  q - -  ~ ( t - -  2rE) (i -- ~) (3.2) 
dr" - -  ~ --'---'-'7 e-~(1-2~ exp ~ + 

It is  seen  f r o m  Eq .  (3.2) tha t  the reg ion  of the p r i n c i p a l  v a r i a t i o n  of q can  co inc ide  with the r e g i o n  of 
the p r i n c i p a l  v a r i a t i o n  of r only when ~E > ~ and m u s t  be loca ted  in the s m a l l  ne ighborhood  of ,r = 1. The 
ca se  ~E = ~ wi l l  differ  somewha t  f rom the case  ~ < cr E - 1. Although the r e g i o n s  of the p r i n c i p a l  v a r i a -  
t ion of r and q wi l l  co inc ide  h e r e  and be loca ted  n e a r  ,r = 1, the d i f fe rence  r - q wi l l  s t i l l  not be e x p o n e n t i a l -  
l y  s m a l l .  

The i n t e g r a l  c u r v e s  (1.8)-(1.11) of the p r o b l e m  for  ~ < a E -< I with l a rge  fl are  c h a r a c t e r i z e d  by 
the s ame  asympto t ic  b e h a v i o r .  At  the s i n g u l a r  po in t  (1, 1, 1) they c o r r e s p o n d  to the va lues  of the d e r i v a -  
f ives  d e t e r m i n e d  by Eq.  (2.3). The behav io r  of these  c u r v e s  which pass  c lose  to the s t r a i g h t  l i nes  r = 0, 
q = 0 and r = q, r = 1 is shown in F ig .  1 (curve 1). 

Now suppose  the poin ts  ,r = ~-1 ~ and ,r = ,r2 ~ l ie  wi th in  the i n t e r v a l  0 -< ,r -< 1. In this  c a se ,  as before ,  
the p r i n c i p a l  v a r i a t i o n  of r wi l l  o ccu r  in the ne ighborhood  of ,r = "ri~ for  ,r > "rio the de r iva t i ve  d r / d , r  
again  becomes  s m a l l ,  s ince  in this  ca se  the growth  of the exponen t i a l  m u l t i p l i e r  in the e x p r e s s i o n  for  d r / d , r  
i s  e x p r e s s e d  even  more  s h a r p l y  than the d e c r e a s e  in  (1 - r ) .  The p r i n c i p a l  v a r i a t i o n  of q f r o m  0 to 1 wi l l  
occur  n e a r  ,r = ~-~~ with the exponen t i a l  m u l t i p l i e r  in the e x p r e s s i o n  for the de r iva t i ve  d q / d T  r e d u c i n g  to 
un i ty .  It follows f rom the condi t ion  r > q that  "ri ~ < ,r2~ , while f r o m  the condi t ion  ,r - g Q r  - (1 - CrQ)q > 1 
i t  follows that  ,r~ ~ > ~Q, ,r2 ~ = 1. Tak ing  (3.1) into account ,  we f ind 

= I - - o ~ ,  ( ~ Q + ~ ) ( l  + ~ Q + 2 ( ~ )  - ~ < ~ E < l / z  �9 

In this  case  the i n t e g r a l  c u r v e s  e m e r g i n g  f rom the point  (T e , 0, 0) t r a v e l  along the l ine  r = 0, q = 0, 
then s tay ing  n e a r  the su r f ace  q = 0 , t h e y m o v e  to the l ine r = 1, q = 0, and af ter  t u r n i ng  n e a r  the point  
(1, 1, 0) move in the v i c in i ty  of the l ine  r = ,r = 1 to the s i n g u l a r  point  (1, 1, 1) (curve 2 in F ig .  1). The 
d e r i v a t i v e s  of the i n t e g r a l  c u r v e s  at the s i n g u l a r  point  a re  d e t e r m i n e d  by Eq .  (2.2), f rom which i t  can  be 
found that  in the case  unde r  c o n s i d e r a t i o n  (dq/d , r )+  ~ oo. 

Fo r  0 < ~ E  < (r + or)(1 + CrQ + 2or) -1 the i n t e g r a l  c u r v e s  (1.8)-(1.11) of the p r o b l e m  with l a rge  
a lso  p o s s e s s  g e n e r a l  c h a r a c t e r i s t i c s .  In this  ca se  one m u s t  choose ~ = erE(1 + cr)(r + r  Here  "ri ~ = 
crQ and T2~ > 0; the exponent ia l  m u l t i p l i e r  exp ( -~ f i )  c o m p e n s a t e s  only for  the s m a l l  exponen t ia l  m u l t i -  
p l i e r  in the e x p r e s s i o n  for  d r / d , r  while the "equa l i za t ion"  of o r d e r s  of magni tude  in the lef t  and r igh t  s ides  
of E q. (1.9) is  p rov ided  for  by the c o r r e s p o n d i n g  exponen t ia l  b e h a v i o r  of the d e n o m i n a t o r  in the r igh t  s ide 
of (1.9). The growth  of r f r o m  0 to 1 occu r s  in the s m a l l  ne ighborhood  of the point  ~" = (rQ. The i n c r e a s e  
of q f r o m  0 to 1 o c c u r s  " u n i f o r m l y "  over  the e n t i r e  sec t ion  r  <- ,r -< 1. The behav io r  of the i n t e g r a l  
c u r v e  is shown in F ig .  1 (curve 3). At the s i n g u l a r  point  (1, 1, 1) the i n t e g r a l  c u r v e s  have the d e r i v a t i v e s  

62 



(2 2 ) .  One can  a s c e r t a i n  tha t  in c o n t r a s t  to c u r v e  2 the d e r i v a t i v e  dq/d~- has  a f in i te  va lue  at  the  s i n g u l a r  
po in t  in th i s  c a s e .  

I t  can  be c o n c l u d e d  f r o m  the qua l i t a t i ve  a n a l y s i s  conduc t ed  tha t  the a s y m p t o t i c  b e h a v i o r  of the  i n t e -  
g r a l  c u r v e s  of the p r o b l e m  d i f f e r  c o n s i d e r a b l y  wi th  v a r i a t i o n  in the va lue  of t E  in the fo l lowing i n t e r v a l s :  

1 / 2 < a E ~ t ,  a~ =U~, (aq +a) (1 +aq + 2 o ) - ~  < a ~  < 1/~ 

O ~ a ~ < ( %  + o 9 ( t  + a ~  + 2 a )  - ~ .  

Th i s  c o n c l u s i o n  is  c o n f i r m e d  by  the a c t u a l  c o n s t r u c t i o n  of fou r  d i f f e r e n t  s o l u t i o n s .  Knowledge  of the  
a s y m p t o t i c  so lu t i ons  of the s i m p l e r  p r o b l e m  p r e s e n t e d  in [4] p r o v e s  to be u se fu l  in choos ing  the f o r m  of the 

a s y m p t o t i c  e x p a n s i o n .  

4.  So lu t ion  for  ~ < r  -< 1. Two r e g i o n s  hav ing  d i f f e r e n t  a s y m p t o t i c  b e h a v i o r  of the s o l u t i o n s  m u s t  
be d i s t i n g u i s h e d  in th i s  c a s e :  the s m a l l  n e i g h b o r h o o d  of the p o i n t  r = 1 ( inner  reg ion)  and the r e m a i n i n g  
p a r t  of the i n t e r v a l  (ou te r  r e g i o n ) .  In the i n n e r  r e g i o n  in p l a c e  of ~" we i n t roduce  the v a r i a b l e  ~- * = fi (1 - ~ ' ) ,  
and we wi l l  s e e k  a so lu t ion  in e a c h  of the r e g i o n s  in the f o r m  of i n n e r  and o u t e r  e x p a n s i o n s  

r (~*) = I0 (~) ro (~*) + 11 (~) rl  (~*) + . . . ,  r (~) = Fo (~) r0 (~) + F1 (~) rl  (~) + .... 
(]1 / 10 ~ 0, F1 / Fo ~" 0, ~ ~ oo) (4.1) 

q (~*) = no (~) qo (~*) + n l  (~) ql  (v*) -~- . . . .  q (T) = AT o (~) qo (%) + N1 (~) ql (v) -~- .... 
(nllno~O, NIlNo~O, ~-,oo). 

In the  two r e g i o n s  we s e e k  an e x p a n s i o n  fo r  the p r o p e r  va lue  g in the f o r m  

(4.2) 

= % (6) ~0 + % (6) ~1 + ... .  %/% --~ 0 a s  ~ - +  co . (4.3) 

The o u t e r  e x p a n s i o n  m u s t  s a t i s f y  the b o u n d a r y  cond i t i ons  (1.10) ,and  the i n n e r  e x p a n s i o n  m u s t  s a t i s f y  
the  cond i t i ons  (1.11).  The c o r r e s p o n d e n c e  be tween  the e x p a n s i o n s  in the o u t e r  and i n n e r  r e g i o n s  is  e s t a b -  
l i s h e d  f r o m  the cond i t ion  of j o in ing ,  which  c o n s i s t s  in the r e q u i r e m e n t  of the i d e n t i c a l  l i m i t i n g  b e h a v i o r  of 
the i n n e r  and o u t e r  e x p a n s i o n s  w r i t t e n  in i d e n t i c a l  v a r i a b l e s  [3, 4].  We wi l l  conf ine  o u r s e l v e s  to the d e t e r -  
m i n a t i o n  of two t e r m s  of the e x p a n s i o n s  (4 .1) - (4 .3) .  

A f t e r  c o n v e r t i n g  to the  v a r i a b l e  �9 * and s u b s t i t u t i n g  the  e x p a n s i o n s  (4.1)-(4.3)  in to  (1.8), (1.9), and 
(1.11) wi th  the a c c u r a c y  be ing  a p p r o x i m a t e l y  equa l  to the h i g h e r - o r d e r  t e r m s  in s m a l l n e s s ,  we obta in  

[ %~*~ dro % (1 -- r0) exp -7 ~E  - -  TE~-~-J (4.4) 

d q o  (i - -  zk) (ro q- ] l r l  - -  qo - -  n l q l )  [ (l - -  %)  ~* ] (4.5) 
- -  P%~~ d~~ = i - -%ro- -  (l - -%)  qo exp - -  ~(i - -  c~) - -  i + z  J 

T* = 0 ,  r 0 = l ,  q0 = t  �9 (4.6) 

The e q u a l i t y  n0(fl) = fo(fl) = 1, which  fo l lows  f r o m  (4.6), i s  u s e d  in E q s .  (4.4) and (4.5). 

I t  i s  s e e n  f r o m  (4.4) tha t  to e q u a l i z e  the o r d e r s  of s m a l l n e s s  of the l e f t  and r i g h t  s i d e s  in (4.4) one 
m u s t  c h o o s e  

% (6) = ~-1 exp ( - -  6(~E) . 

In th is  c a s e  Eq .  (4.5) can  be s a t i s f i e d  if  one t a k e s  

(4.7) 

ro = qo, / ,  = nl, rl = q, . (4.8) 

This  m e a n s  tha t  the  d i f f e r e n c e  be tween  the func t ions  r0, q0 and r i ,  qi is  e x p o n e n t i a l l y  s m a l l :  
/ 

~l~ e -(2~ ex p --  (2zE -- 1) ~* 
F0 ~- /1r l  - -  q0 - -  n l q l  ~ - -  6~ i + ~ (4 .9 )  

Tak ing  (4.7) and (4.8) into account ,  we now find f r o m  (4.4) and (4.6) tha t  

r o ( ~ * ) = l  % ( t + z )  l - - e x p  
~0% i + z ] 

(4.10) 
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Keeping (4.7) in mind  one can c o n f i r m  that  the solut ions  r (T)  and q(T) of E q s .  (1.8) and (1.9) are  e x -  
ponent ia l ly  sma l l  in the outer  r e g i on .  T h e r e f o r e ,  in the outer  expans ions  (4.1) and (4.2) 

re (~) =qo  (~) ~=r~ (x) = q l  (~) = 0  . 

The condi t ion of joining then leads  to the r e q u i r e m e n t  that  

re (~*) --- 0, qo (~*)-~ 0, 

Applying (4.11) to (4.10) ,we find 

% (t -? 2) 
N 0 - -  - -  

~E 

r~ (~*) -+ 0, ql (~*)-+ 0 as %* --~ oo . (4.11) 

- -  2E%* 
, re (~*) : exp t +--------7 (4.12) 

Le t  us p r o c e e d  to the de t e rmina t ion  of the second  approx imat ion .  Af te r  conver t ing  to the va r i ab le  ~- * 
and subst i tu t ing the t w o - t e r m  expans ions  (4.1)-(4.3) into (1.8) and (1.9) with al lowance for  (4.9), r e ta in ing  
in the equat ions  t e r m s  of a h ighe r  o r d e r  of s m a l l n e s s  than dur ing the de t e rmina t ion  of %, q0, and ~t 0, we 
obtain for  r l (~ *) the equat ion 

= - -  6E%* 

It b e c o m e s  poss ib le  to de t e rmine  the funct ion r l ( ~ * ) ,  sa t i s fy ing  the boundary  condi t ion and the joining 
condi t ion,  f r o m  (4.13) if 

]1 (6) : ~-1, (~l (6)  : ~--l~o0 (~) : ~--2 exp (-- ~E) �9 (4.14) 

The equat ion and the bounda ry  condit ion fo r  r I take the f o r m  
2E~. ~ ~. ~ ] - ~ *  

dr1 = % . (4.15) 
N0 ~ (1 § 2) 5 t - -  re (T*) -~ T o  e x p  t § z 

T* : r  1 = 0 .  

Here  g o and ro(r *) a re  d e t e r m i n e d  by E q s .  (4.12). F r o m  (4.15) we find 

[ [ % ~ * '  2 [ 2ET* %2~*z ] __2E,*  
~% -%~* ~ 2 (~+~) s~T-4~ ) --~ i + ~ - z +  ~ ] ~ x p  ~ (4.16) r l (~*)--  % ( l §  i - - e x p  t -YTY-]  -~ % % 

o 

Applying the joining condi t ion (4.11) to (4.16) ,we find 

N1 = % (i § 2) [(i -? ,z ) -~  -- 2] (4.17) 
6E 2 

Thus ,  the t w o - t e r m  inner  and outer  expans ions  of the functions r(~) and q(~) and the expans ion  of the 
p r o p e r  value t~, which r e p r e s e n t  an approx imate  solut ion of the p r o b l e m  (1.8)-(1.11) in the p a r t i c u l a r  ca se  
under  cons ide ra t ion ,  have the f o r m  

r (-c*) = q (~*) = r o (~*) + ~-lr 1 (~*), r (~) = q (~) = 0, (4.18) 

ix = ~-1 (ix0 -~ ~-Iixl) exp (--  ~aE). 

Here  r l ,  r0, go, and ~t i a re  d e t e r m i n e d  by the equat ions  (4.12), (4.16), and (4.17). Le t  us wr i t e  the two-  
t e r m  expans ion  for  the m a s s  ra te  of p ropaga t ion  of  combus t ion  in d imens iona l  v a r i a b l e s :  

m =  _ ] (-~-~.) { l - F ( B - ~ ) - 1 [ ( l - F ~ ) ~ - u - - t ] } e x p ~ - - h - ~ - (  . (4.19) 

It  is seen  that  in the p a r t i c u l a r  ca se  under  cons ide ra t ion  the combus t ion  ra te  depends only on the kinet ic  
p a r a m e t e r s  k~ and E~ of the ini t ial  r e a c t i o n .  

C o m p a r i n g  (4.19) with the equat ion obtained in [4] fo r  the r a t e  of p ropaga t ion  of a s i n g l e - s t a g e  exo-  
t h e r m a l  r e a c t i o n  in the condensed  phase  shows that  the s t a r t  of the second  reac t ion  o c c u r s  only at a value 
of the combus t ion  t e m p e r a t u r e  which is d e t e r m i n e d  by the total  hea t  r e l e a s e  of the two r e a c t i o n s .  

5. Solution for  ~E = ~ .  The s y s t e m  of equat ions  (1.8), (1.9) can be r educed  to a single equat ion.  

Af te r  subst i tu t ing ~E = 1/'2 and dividing (1.9) by (1.8), we obtain 

dq __ __ ( l - - z l z  ) r - - q  ( 5 . 1 )  
d r  % i - -  r 
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With the help of (5.1) we can  e x p r e s s  q through r :  

(t - -  5~)  -~  [ t  - -  5 ~ r  - -  ( t  - -  r ) % ] ,  5~  = ~-~ ( t  - -  %), ~ =# ~/~ ( 5 . 2 )  
q ( r ) =  r + ( l - - r )  I n ( l - - r ) ,  %=~/~ 

Making use  of ( 52 ) ,  the p r o b l e m  (1.8)-(1.11) r educes  to the so lu t ion  of the s ing le  equa t ion  with the 

condi t ions  

dr % (~ -- r) [- 
~ = �9 - -  % r  - -  (1 - -  zO) q (r) e x p  L 

�9 �9 = O ,  r =-- O 

= t ,  r = t ,  

Here  tile funct ion  q(r) is g iven  by Eq .  ( 5 ~ ) .  

(5.3) 

(5.4) 

(5.5) 

In c o n s t r u c t i n g  the app rox ima te  so lu t ion  of the p r o b l e m  (5.3)-(5.5) we d i s t i ngu i sh  i n n e r  and ou t e r  r e -  
g ions  of v a r i a t i o n  in the v a r i a b l e  ~" as in p a r t  4; in the ne ighborhood of ~- = 1 we in t roduce  the v a r i a b l e  
~- * = ~(1 - T) and we wi l l  seek  a funct ion r and a p r o p e r  value p in the f o r m  of the expans ions  (4.1)-(4.3).  
Fo r  the nu l l  app rox ima t ion  we obta in  f r o m  (5.3) and (5.5) 

dr o 6h.(l--r,,) [ ~ ~ * ]  
--  ~o~TOd** -- t -- %r~ -- (i -- %) qo (ro) exp 2 2 ( t+z)  ' r o ( 0 ) = t .  (5.6) 

Here ,  as in p a r t  4, fo( f i )  = 1. The dependence  %@0) is  e s t a b l i s h e d  f rom ( 52 ) .  To c o m p e n s a t e  for  the 
s m a l l  exponen t i a l  t e r m  in the r igh t  s ide of Eq .  (5.6) ,we se t  

% (~) - ~-~ exp (--  ~/2) . 

Us ing  (5.7) and (5.2), one can  f ind f rom (5.6) tha t  

(5 .7)  

- - T *  (1 --  r0) {t + (t - -  %) [i - -  In (t --  r0)]} = (i + ~) _ Vl -- exp ~ ) - I  ~ (5.8) P0 
(% = i/.,.) 

txo:l~:(t--to) ~ - - - - ~  ( t t - - %  1]~ = ~[1 - %~* l IzQ - -  6~ + --ro)~ - 29,,(t + z) (5.9) - +xp T 4 - z - ] "  
(~ ~- I/2) 

Apply ing  the condi t ion  of jo in ing ,  which as  i n  p a r t  4 i s  e x p r e s s e d  through the r e q u i r e m e n t  tha t  
r 0 ( T * ) -  0 as T* ~ ~ to (5.8) and (5 .9 ) ,we  obta in  

(1--%)%(t +z) I k~k~;~fl~+ IVy( E ~-':~ - - E  (5.10) 
~t~ = (t - - % % ) z  E ' m ~  k,Q., __ k z ( Q I +  Q~) ] \ - R ~ - + /  ' e x p  2 R T +  

Equa t ions  (5.8)-(5.10) d e t e r m i n e  the nu l l  app rox ima t ion  for  the funct ion and the p r o p e r  value g for 
the p r o b l e m .  The fol lowing t e r m s  of the e x p a n s i o n s ,  which provide  a c o r r e c t i o n  on the o r d e r  of/3 -1, c anno t  
be ob ta ined  in ana ly t i c a l  f o rm ,  and t he i r  d e t e r m i n a t i o n  c o m e s  down to the n u m e r i c a l  i n t e g r a t i o n  of a s i m p l e  
o r d i n a r y  f i r s t - o r d e r  d i f f e ren t i a l  equa t ion :  

dry' { ~:*~ "~* @ ~Orl ~-  rl  (t  - -  6Q) ~}# [r0 - -  qa (r0)] (t - -  r0) -1 r ~  

d - ~  ~ 2( i -+-~)2  ~ - - % r o - - ( i - - % ) q o ( r o )  ~ l ro 
+ 

# }  -++ % (1 -- ro) exp rl (0) = 0 �9 (5.11) 
+ ~o [i -- %ro -- (t -- %) qo (ro)l 2 ( t+z)  ' 

We note that  the e x p r e s s i o n  (5.10) for  ~0 co inc ides  with (4.12) with o k << 1. This  r e s u l t  r e f l e c t s  the 
fac t  tha t  with the equa l i t y  of the ac t iva t ion  e n e r g i e s  of the two r e a c t i o n s  the r e l a t i ve  magn i tude  of the p r e -  
exponen t i a l  m u l t i p l i e r s  b e c o m e s  the d e t e r m i n i n g  f ac to r  in the c o m p a r i s o n  of the c h e m i c a l  r e a c t i o n  r a t e s .  
Fo r  k 2 >> k t the d i f fe rence  r - q is s m a l l ,  and in c o n t r a s t  to p a r t  4 it  b e c ome s  i n s i g n i f i c a n t .  

6. Solut ion for (CrQ + z)(1 + ffQ + 2o-) -~ < ~E  < ~ .  In this  case  the d iv i s ion  of the i n t e r v a l  
0 -< ~ -< 1 into i n n e r  and ou te r  r eg ions  wi l l  be d i f f e ren t  for  E q s .  (1.8) and (1.9). F o r  Eq .  (1.9) the i n n e r  r e -  
g i o n w i l l  be the s m a l l  ne ighborhood  of T = ~-2 ~ = 1, the ou te r  reg ion  wil l  be the r e m a i n i n g  p a r t  of the i n t e r -  
va l .  F o r  Eq .  (1.8) the i n n e r  r eg ion  wil l  be the s m a l l  ne ighborhood of some point  T = ~-t ~ < 1 , and  the ou te r  
r eg ion  wi l l  c o n s i s t  of two s e g m e n t s  of the i n t e r v a l  0 -< T _< 1 s e p a r a t i n g  the s m a l l  ne ighborhood  of the point  
~'t ~ f r o m  the points  ~ = 0 and ~ = 1. The c o n s t r u c t i o n  of the so lu t ion  c ome s  down to the s e a r c h  for the ou t e r  
and i n n e r  expans ions  for  each  of the two p a r t i t i o n i n g s  of the i n t e r v a l .  
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Le t  us  s tudy  the r e g i o n  a d j a c e n t  to ~- = ~2~ = 1. In p l a c e  of the  v a r i a b l e  ~ in (1.8)-(1.11)  we i n t roduce  
~2 * = /3(1 - T) .  We wi l l  s e e k  an a p p r o x i m a t e  so lu t i on  in the i n n e r  r e g i o n  in the  f o r m  of the  t w o - t e r m  e x -  
p a n s i o n s  

~t : f~0 (~) ~0 -@ ~1 (~) F1, r (z~*) = ]0 (~) ro (%*) -~ ]1 (~)  r~ (%*) 
q (~*) = no (~) q0 (%*) �9 ~h (~) q~ (%*) (6.1) 

%/% --+ O, ]~ Ifo ~ O, nxlno -+ 0 as  ~ ~ oo. 

F r o m  the b o u n d a r y  cond i t i ons  (1.11) we f ind  

/o @ = no (~) = ~ �9 (6 .2 , )  

In the p a r t i c u l a r  c a s e  u n d e r  c o n s i d e r a t i o n  one m u s t  c h o o s e  

% (~)  = ~-~ exp [ - ( i  - ~ )  ~1, ~ (~) = ~ - ~ 0  (~), 
( 6 . 3 )  

n0 (~) = i ,  nl (~) = ~-~ �9 

A f t e r  s u b s t i t u t i n g  (6.1) into E q .  (1.8) and t ak ing  (6.2) and (6.3) into accoun t ,  one can  obta in  

1 - -  r (~*) ~ exp ( 2 ~  - -  t)~ . 

I t  i s  s e e n  tha t  the  funct ion  r(T2* ) as  /3--- oo d i f f e r s  f r o m  un i ty  only  in a s m a l l  e x p o n e n t i a l  t e r m ,  so tha t  

ro (z~*) = t ,  r, (z~*) = 0 �9 

The equa t ion  and b o u n d a r y  cond i t ions  fo r  the  funct ion  q0 ( ~ * )  have  the f o r m  

- -  ( i  - -  z ~ )  ~* 
dqo (1 --  %) exp qo (0) = i �9 

~o dz~* (t - -  %) t + z ' 

F r o m  (6.4) we f ind 

(6.4) 

- -  (1 - -  z z )  "~2" ( t - - % ) ( t + ~ )  [ i - - e x p  ] �9 ( 6 . 5 )  

The c o n s t a n t  go in (6.5) m u s t  be d e t e r m i n e d  f r o m  the cond i t ion  of jo in ing  (6.5) wi th  the so lu t i on  q(~) 
in the o u t e r  r e g i o n ,  which  i s  equa l  to z e r o  wi th  the a c c u r a c y  of the e x p o n e n t i a l  t e r m s .  T h e r e f o r e ,  the c o n -  
d i t ion  of j o in ing  i s  e x p r e s s e d  by the r e q u i r e m e n t  tha t  

q0 (%*) -+ 0, ql (z~*) -+ 0 as  T* 2 -+ oo . (6,6) 

App ly ing  (6.6) to (6.5), we obta in  

(1 - -  % )  (t  - -  z E) - -  ( i  - -  zE) ~* 
~ 0 :  (l -- %) (i § ~) ' q~ t §  " (6.7) 

A f t e r  s u b s t i t u t i n g  T2* = /3(1 -- T) into (6.1), hav ing  r e t a i n e d  t e r m s  wi th  a h i g h e r  o r d e r  of s m a l l n e s s ,  
t ak ing  (6.2)-(6.4)  into a c c o u n t , o n e  can  ob ta in  f r o m  (1.9) an equa t ion  for  ql :  

. - (1 - zE)  ~* @1 (1--~1~) / ~1 , ( i - - ~ E )  V~*~ x2* �9 e x p  ( 6 . 8 )  
~o~-- (t:~Q) ['-~-o -V (l§ '~ (i -- 6Q) (i -- qo) l §  

The so lu t i on  of Eq .  (6.8) s a t i s f y i n g  the cond i t ion  qi(0) = 0 has  the f o r m  

[ - - ( 1 - - % ) ' :  t ~1 (i --  zA) (i - zE) l - -  exp -= 
q1(~2")= ( l - - % ) ( i + ~ )  i +  

(i -t- z) j I ( i -  %)~* 1 2 I 2 4- 2~2" (i --  %) ~2'2q --  (t - %)~* 

H e r e  the funct ion  J is  d e t e r m i n e d  as  in (4.17).  

F r o m  the cond i t ion  (6.6) we f ind 

(t  - -  %) ( 1 §  ~) [ ( i + z )  n ~ ] 
~1 = (l  - -  6Q) (l - -  ~E) 2 [ ( t - - r  6 2 �9 (6.10) 

E q u a t i o n s  (6.7), (6.9), and (6.10) g ive  a p p r o x i m a t e  e x p r e s s i o n s  for  the p r o p e r  va lue  ~ of the funct ion  
q.  H o w e v e r ,  i t  is  n e c e s s a r y  to d e t e r m i n e  an a p p r o x i m a t e  e x p r e s s i o n  fo r  the funct ion r (7 )  in a g r e e m e n t  
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with  a l l  the a s s u m p t i o n s  i n t r o d u c e d  dur ing  the d e t e r m i n a t i o n  of p and q in o r d e r  for  t h e s e  equa t i ons  to be 
c o n s i d e r e d  as  an a p p r o x i m a t e  so lu t ion  of the p r o b l e m  (1 .8)- (1 .11) .  It was  a s s u m e d  in p a r t i c u l a r  t ha t  in the 
n e i g h b o r h o o d  of 7 = 1 the  funct ion  r (7 )  is  equa l  to un i ty  wi th  the p r e c i s i o n  of the s m a l l  e x p o n e n t i a l  t e r m s .  
Keep ing  in mind  the e x p l i c i t  f o r m  of p ,  one can  conc lude  f r o m  E q .  (1.8) tha t  the  r e g i o n  of s i g n i f i c a n t  v a r i a -  
t ion in r is  the s m a l l  n e i g h b o r h o o d  of the  po in t  7 = 7~ ~ = ~E(1  + ~)(1 - erE) -~ - ~.  In th is  r eg ion  we i n t r o -  
duce  the v a r i a b l e  72* = fi(7~ ~ - T) in p l a c e  of % and we wi l l  s e e k  s o l u t i o n s  in the f o r m  of the  i n n e r  e x p a n -  
s i o n s  

r (x~*) = ]0 (~) (~) r o (~z*) + ] f )  (~) rz (~z*) 

q (~z)* = no 0) ([~) q0 (vz*) + nl (1) (~) ql ('gl*) �9 (6.11) 

The po in t  7 = 72 ~ i s  an i n n e r  po in t  of the i n t e r v a l ,  so tha t  the  b o u n d a r y  cond i t i ons  which  the func t ions  
(6.11) m u s t  s a t i s f y  r e p r e s e n t  the cond i t i ons  of jo in ing  the i n n e r  e x p a n s i o n s  (6.11) wi th  the s o l u t i o n s  of E q s .  
(1.8) and (1.9) in the o u t e r  r e g i o n s .  One can  c o n f i r m  the f ac t  t ha t  in the o u t e r  r e g i o n s  as /~--oo the f u n c -  
t ion q(z)  i s  e x p o n e n t i a l l y  c l o s e  to  z e r o ,  whi le  the  funct ion r (7 )  is  e x p o n e n t i a l l y  c l o s e  to un i ty  (7 > 7i  ~ and 
z e r o  (7 < 7~~ so tha t  the  cond i t i ons  of jo in ing  t ake  the f o r m  

r 0 ( t t* ) -+  0, rl (tz*) ~ 0, q0 (tl*)--~ 0, ql ( tz*)-+0 as  t~*-+co (6.12) 

r o ( z l * ) - + t , r ~ ( , z * ) - + O ,  q o ( ~ t * ) - - ~ O  , qz(,~*) ---~0 as  , ~ * - + - - o o .  (6,13) 

Having s u b s t i t u t e d  (6.11) in to  E q s .  (1.8) and (1.9) w r i t t e n  in the v a r i a b l e  7 l* , a f t e r  e s t i m a t i n g  the 
m a g n i t u d e s  wi th  a l l o w a n c e  fo r  the e x p l i c i t  f o r m  of /~, one can  f ind tha t  

q0 (T1 $) = ql  (TI*) = 0,  ]0 (1) (~) = ] ,  /1(1) (~) = ~ - 1 .  ( 6 . 1 4 )  

In th i s  c a s e  the equa t ion  fo r  r0(7~*) can  be w r i t t e n  in the f o r m  

-- _ _ _  --zE (1 + z)~* - -  (1 ZE)(I - -ZQ) dro t - - - r0  e x p  (6.15) 
6e: (2 - -  ~;) (t ~ 6) dVl* T1 ~ - -  ~oro (.Qo ~,, 5)~ 

F r o m  (6.15) and (6.12) we f ind the i m p l i c i t  e x p r e s s i o n  fo r  r0(T~*):  

% (2 -- %) (~z ~ + z) ~ exp -- zE (2 + z) ~* ( ~  - -  ~~ In ( t  - -  ro)  + ~ r o  = ( 6 . 1 6 )  
(1 -- %) ( t  - -  zz) ~ (~~ + z)'- 

The funct ion  r0(72" ) d e t e r m i n e d  by  Eq .  (6.16) s a t i s f i e s  the j o in ing  cond i t ion  (6.13) on ly  ff 

�9 1 ~ > aQ or  az  > (aQ + o) (1 + a o + 2a) -1, (6.17) 

The i n e q u a l i t y  (6.17) g i v e s  the l o w e r  l i m i t  fo r  the  r e g i o n  of v a l u e s  of a E  fo r  which  the s t r u c t u r e  of 
the wave  of the t w o - s t a g e  c o n v e r s i o n  i s  d e s c r i b e d  by  the so lu t ion  c o n s t r u c t e d  in th is  s e c t i o n ,  i . e . ,  c o n s i s t s  
of two i s o l a t e d  zones  in e a c h  of which  one of the two s u c c e s s i v e  r e a c t i o n s  p r i m a r i l y  t a k e s  p l a c e .  

We note  t ha t  in th i s  c a s e  the d e t e r m i n a t i o n  of the funct ion r i ( 7 i * )  c o m e s  down to the s o l u t i o n  of an 
o r d i n a r y  f i r s t - o r d e r  d i f f e r e n t i a l  equa t ion  not  hav ing  an a n a l y t i c a l  so lu t ion ,  and i t  c an  be s o l v e d  t h ro ugh  
s i m p l e  n u m e r i c a l  i n t e g r a t i o n .  

7. Solu t ion  fo r  0 < ~ E  < (CrQ + ~)(1 + CrQ + 2or) -2. An e x a m i n a t i o n  of d i f f e r e n t  v a r i a n t s  of the 
a s y m p t o t i c  b e h a v i o r  of the  so lu t i on  of  the  p r o b l e m  (1.8)-(1.11)  in th is  r a n g e  of v a r i a t i o n  of cr E l e a d s  to  the 
c o n c l u s i o n  tha t  the r e g i o n  of the p r i n c i p a l  v a r i a t i o n  of r f r o m  0 to 1, as in p a r t  6, t u r n s  out  to  be the s m a l l  
n e i g h b o r h o o d  of an i n n e r  po in t  7 = 71~ ou t s ide  which  the funct ion  r d i f f e r s  f r o m  0 and 1 by  s m a l l  e x p o n e n -  
t i a l  t e r m s  (for  7 < 72~ and 7 > z2~ , r e s p e c t i v e l y ) .  Now, h o w e v e r ,  the l o c a t i o n  of the po in t  ~-o does  no t  d e -  
pend on cr E and is  d e t e r m i n e d  by the e q u a l i t y  ~-2 ~ = CrQ. 

The b e h a v i o r  of the  func t ion  q w i l l  d i f f e r  c o n s i d e r a b l y  f r o m  tha t  in p a r t  6. F o r  7 < a Q  the  func t ion  q 
d i f f e r s  f r o m  z e r o  by s m a l l  exponen t i a l  t e r m s  [for 7 > aQ the b e h a v i o r  of q is  d e s c r i b e d  by  the l i n e a r  f u n c -  
t ion (7 - ~ Q ) ( 1  - c r  Q)-I  wi th  an a c c u r a c y  of the  s m a l l  e x p o n e n t i a l  t e r m s ] .  

L e t  us e x a m i n e  the so lu t i on  of E q s .  (1.8) and (1.9) in the n e i g h b o r h o o d  of the  po in t  r = ~ l  ~ = CrQ. We 
i n t r o d u c e  the v a r i a b l e  ~-~* = ~(~Q - ~-) and c o n s t r u c t  the so lu t i ons  in the f o r m  of the e x p a n s i o n s  

r (T1 q') = ]0 (1) (~) r 0 (TI*) -~ ]1(1) (~) r i (TI*) 

q (~1") • no ~1~ @ %  (T~*) + n#~ (~) ql (~*) (7.1) 
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B e f o r e  w r i t i n g  the equa t i ons  fo r  the t e r m s  of m i n i m u m  o r d e r ,  we tu rn  our  a t ten t ion  to the fo l lowing  
c i r c u m s t a n c e .  I t  fo l lows  f r o m  the a s s u m p t i o n  tha t  the p r i n c i p a l  change  of r f r o m  0 to 1 i s  c o n c e n t r a t e d  
n e a r  ~ = ~Q tha t  f 0 ( 1 ) ~ ) = l  in  (7.1). In the n e i g h b o r h o o d  of the  p o i n t  ~- = CrQ w h e r e  r ~ 1 the  e x p a n s i o n  of 
the funct ion q (~ l* )  c anno t  beg in  wi th  a t e r m  on the o r d e r  of uni ty ,  s i n c e  o t h e r w i s e  the cond i t ion  ~- -> ~Qr  + 
(1 - (rQ)q wi l l  be v i o l a t e d .  Consequen t l y ,  i f  n0(i)(fi) = 1, then q0(z~*) = 0. One o t h e r  c i r c u m s t a n c e  is  c o n -  
n e c t e d  wi th  the f ac t  t ha t  the  po in t  (ffQ, 1, 0) i s  a s i n g u l a r  po in t  of E q .  (1.8) ( see  p a r t  2) .  The so lu t ion  of 
E q .  (1.8) n e a r  the po in t  z = crQ, w h e r e  i t  i s  a s s u m e d  the funct ion q(~-) i s  s m a l l e r  than the funct ion r(~') by  
an o r d e r  of m a g n i t u d e ,  m u s t  be c l o s e  to the  s e p a r a t r i c e s ,  one of which  i s  d e s c r i b e d  by the equa t i ons  r = 1, 

q = 0 .  

I t  i s  s e e n  f r o m  Eq .  (1.8) tha t  i f  the funct ion  q(z)  is  c o n s i d e r a b l y  s m a l l e r  than  the func t ion  r(~-) in the 
n e i g h b o r h o o d  of ~-I ~ = ~Q so  tha t  one can  s e t  q(~-) = 0, then in the c o n v e r s i o n  to the v a r i a b l e  ~'l* = /3(or Q - ~-) 
the n a t u r e  of the so lu t ion  c h a n g e s  g r e a t l y  s i n c e  the so lu t ion  r (~)  = 1 i s  l o s t .  T h e r e f o r e ,  in s e e k i n g  a func -  
t ion r ( T l * )  as  a so lu t i on  in the r e g i o n  T > CrQ one m u s t  t ake  

r o (~*) : t ,  

C o n s i d e r i n g  t h e s e  r e m a r k s ,  f o r  ~'l* < 0 we 

6~ 

I t  i s  s e e n  tha t  i t  i s  n e c e s s a r y  to t ake  

r~ (TI*) = 0, TI* < 0 �9 (7.2) 

a r r i v e  at  the fo l lowing equa t ion  f o r  the funct ion  r0( ~'~ *): 

~z s (1-4- z) % (1 -4- z) ~*  3 
% + z (z-~ ~ z)--r J " (7.3) 

r (~) = ~-~ exp - % (i -4- z) zr + z (7.4) 

Tak ing  (7.4) into accoun t ,  we obta in  a so lu t ion  fo r  E q .  (7.3), s a t i s f y i n g  the  cond i t ion  of jo in ing  wi th  the 
so lu t i on  in the o u t e r  r e g i o n  [r0(Ti*) - -  0, Tl* - -  oo] in the f o r m  

% ( % + z )  2 - - z  E ( l + ~ ) ~ l *  r~ pczQ z E ( I §  exp (%4-z) (7.5) 

The c o n s t a n t  g0 in (7.5) i s  d e t e r m i n e d  f r o m  the r e q u i r e m e n t  of c on t i nu i t y  of  the funct ion r0(Tl* ) a t  the  
p o i n t  T = crQ; we have  

% (% § - - ~  (1§ (7.6) ~ t0=-% % ( t + z ) ,  r o ( z ~ * ) = e x P  % + z  

A f t e r  s u b s t i t u t i n g  (7.1) into (1.9) and c o n s i d e r i n g  the r e s u l t s  ob ta ined  above ,  i t  c an  be e s t a b l i s h e d  tha t  

the equa t ion  fo r  ql(Tl*) t a k e s  on the f o r m  

n(% [ z E (i + z) ~i* 

5q = -- (1 -- 2z E) (t § ~) < 0. (7.7) 
zO -~z 

In the d e t e r m i n a t i o n  of the  funct ion  q(~' l*)  i t  i s  n e c e s s a r y  to c o n s i d e r  tha t  the funct ion  r0('rl* ) has  
d i f f e r e n t  f o r m s  in the r e g i o n s  T > crQ and T < ~ Q .  Then i t  can  be s een  f r o m  (7.7) tha t  fo r  ~- < r  when 
the funct ion  r 0(wl*) is  d e t e r m i n e d  f r o m  (7.6), one m u s t  s e t  q l (T l* )  = 0 o r  e l s e  c h o o s e  n l( l)(fi)  in the f o r m  
of an e x p o n e n t i a l  func t ion ,  and not  a p o w e r  funct ion  of f i - l .  

In the r e g i o n  of 5~ > CrQ, w h e r e  r0(~-~*) = 1, the funct ion ql(~-l*) s a t i s f y i n g  the cond i t ion  ql(0) = 0 can  

be found if  one s e t s  nl(1)(fi ) = f1-1. We obta in  

ql (T1 $) : - - ( t  - -  (~Q)-I T1 $ + O (exp 8q) . (7.8) 

The s o l u t i o n s  found m u s t  be  j o i n e d  with  s o l u t i o n s  in the  n e i g h b o r h o o d  of the ho t  b o u n d a r y  T = 1. 

We i n t r o d u c e  the v a r i a b l e  T * = ~(1 -- 7) into (1.8) and (1.9) in p l a c e  of T~ andwe  wi l l  s e e k  the f u n c -  
t ions  r(T* ) and q(~'*) in the f o r m  of the e x p a n s i o n s  

r (z*) = / 0  (6) r0 (~*) -4- fl (6) rl (z*) 

q (T*) = n o (6) q0 (T*) ~- n, (~) ql (~*)- (7.9) 
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By analyzing possible variants of the asymptotic behavior of the functions r and q with (7.4) and the 
boundary condition (1.11) taken into account , i t  can be concluded that in the expansion (7.9) one must  set  
n0(fl) = 1, f0(fi) = 1. In addition, r0(r* ) = 1, r t ( r * )  = 0, since the difference between r ( r * )  and unity can 
be expressed  only by components with a much higher order  of smallness  than the power of ~ -~. 

The equation for q(r  *) can be satisfied by setting nl(~) = f l - i .  Then 

q ( % * ) = l - -  ~ t-~-----o" q-O exp % + z  ~ �9 

The function (7.10) sat isf ies the boundary condition at the hot boundary. Converting from the variable 
r * to r l*  in (7.10),we can confi rm that the two- te rm solution (7.10) joins with the one- te rm solution (7.8). 

The equations obtained exhaust the construct ion of the approximate asymptotic solution of the problem 
which makes it possible to determine the zeroth  te rm in the expansion of the p roper  value. 

Changing to the dimensional variable in (7.6) ,we can write the explicit  zeroth approximation of the ex-  
press ion for the mass  velocity of the wave of exothermal  conversion.  In the limiting case under cons idera -  
tion, 

RT~) T?) --E~ T?)_~T_~_c_~O~. (7.11) m~= ~Pkl E~ Q~ exp RT(+I) , 

It is seen that the combustion rate depends on the kinetic charac te r i s t i cs  and the adiabatic t empera -  
ture of the f i r s t  s tage.  In this case the zeroth approximation (7.11) coincides with the equation for the 
propagation rate of a s ingle-s tage react ion with the kinetic charac te r i s t i c s  k 1 and E 1 and combustion t em-  

T(I) obtained by the method of Zel 'dovich and Frank-Kamenetski i  pera ture  [11. 

The next t e rm in the expansion of the proper  value ~ can also be determined.  For  this it is sufficient 
to consider  the equation for r l(Ti*) near  r = ~Q with r < ~Q. One can obtain 

dr~ % [ ~  % (t q- z) ~*~ ~* ] exp " ~ (1 § z) ~*, 
P0 rl(O) ~ 05 (7,12) 

Integrating (7.12) we find 

b~,%~E (1 + z) [t _ exp - % (t q-a)~l. ] 2 (z-~ %) 

-} (7.13) 

F r o m  the joining condition r t --~ 0, r i *  ~ ~o we obtain 

(7.14) 

8. Discussion of Resul ts .  The analytical equations established in parts  4-7 make it possible to c l a s -  
sify the combustion p rocesses  according to the given physicochemical  charac te r i s t i c s  of the condensed s y s -  
tem, to approximately calculate the propagation rate of the combustion front, and to study the concentrat ion 
and tempera ture  prof i les .  In view of the absence of an exact  numerica l  solution of the problem under con-  
s iderat ion let us compare  the resul ts  obtained with the data of [5] in which detailed numer ica l  calculations 
were made of the propagation of a combustion wave in a gas, determined by the occurrence  of a two-s tage  
consecutive exothermic react ion.  

Despite the difference between the propagation of a flame in gas and the combustion of a gas less  con-  
densed sys tem,  it is not difficult to observe the analogy between the p rocesses  distinguished in [5] through 
an analysis of the resul ts  of a numer ica l  calculation and the different asymptotic solutions constructed in 
the present  work.  

Having used the apt terminology introduced in [6], the process  corresponding to the solution of par t  4 
must  be called convergence,  the p rocess  of par t  6 control ,  and the process  of par t  7 separat ion.  It is na tur -  
al to call  the p rocess  studied in par t  5 incomplete convergence.  In the convergence process  E~ > E2,and the 
combustion rate is p r imar i ly  determined by the kinetics of the f i rs t  of the reactions and the adiabatic t em-  
perature  of complete convers ion.  In the control  p rocess  E 2 > Ei,  El/T+0) < E2/T+,  and the combustion 
rate is p r imar i ly  determined by the kinetics of the second reaction and the adiabatic tempera ture  of corn- 
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plete conversion,  while in the separat ion p rocess  E 2 > Ei,  E i / T +  0) > E2/T+,  the combustion rate is de t e r -  
mined by the cha rac t e r i s t i c s  and adiabatic t empera tu re  of the f i r s t  s tage,  and the second react ion proceeds  
by an induction p rocess .  
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